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Abstract 

We extend some methods of bounding exponential sums of the type 

case when g is not necessarily a primitive 

n<N 

root. We also show some recent results of Shkredov concerning additive 
properties of multiplicative subgroups imply new bounds for the sums under 
consideration. 



1 Introduction 

For p prime, (7 G F* of order t and integer N < t we consider the sums 

N 



S,AKN) = J2^pi^9l (1) 



n=l 



where ep{z) = ^'^''^Iv and gcd(A,p) = 1. Estimates for Sg^p{X,N) have been 
considered in a number of works. For instance Korobov [7] obtains the bound 

max \Sg,p{X, N) \ <^ p'^Hogp (2) 

gcd(A,p)=l' 

which is used to study the distribution of digits in decimal exansions of rational 
numbers (see also [TU] and references therein). If (7 is a primitive root, Bourgain 
and Garaev [T] give bounds for the number of solutions to the equation 

^ ^ ^ gx, ^^Q^ 1 < xi, . . . , 0:4 < A^, 
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which they use to estimate Sg^p{X,N). Konyagin and Shparhnski [6] improve on 
this bound and give apphcations to the gaps between powers of a primitive root. 

The case of complete sums with N = t have also been considered by a number of 
authors (see for example |5j) from which corresponding bounds for the incomplete 
sums can be obtained using a method of 0. 

We show that the proof of [H Theorem 1.4] can be generalized to deal with the 
case when g is not a primitive root. This gives an upper bound for the sums 

J2\S,A^,N)f. (3) 

AeF; 

We then combine the argument of [21 Theorem 1] and our upper bound for to 
deduce a bound for Sg^p{X, N). Next we show that P Theorem 34] combined with 
a method of [H] gives another bound for Sg^p{X, N). 

We use the notation /(x) ^ g{x) and /(x) = 0{g{x)) to mean there exists 
some absolutle constant C such that f{x) < Cg{x) and f{x) = o{g{x)) will mean 
that /(x) < eg{x) for any e > and sufficiently large x. 

2 Main results 

Theorem 1. For prime p and g of order t and integer N <t, we have 

J2 \SaA>^,N)\' « piV^V24+o(i) ^ (ivVt)V24) 

agf; 

as N ^ oo. 

We use Theorem [1] to deduce 
Theorem 2. For g e¥* of order t and integer N < t, we have 

Tpl/S jY71/96+o(l) ^ < ^1/2^ 

\Sg,p{X,N)\ < I pl/8i-l/96jy73/96+o(l)^ ^1/2 < ^ < ^1/2^ 

pl/4^-l/96^49/96+o(l)^ pl/2 < jV < t, 

as N ^ oo. 

The following is a consequence of [3, Lemma 2] and [51 Theorem 34] 
Theorem 3. For g of order t and integer N < t, we have 

1-^1/8^22/36 (log 7/6^ f < ^ 

pl/4^13/36(logp)7/6^ pl/2 < ^ < p^/^ {\og py^/\ 
pl/6^1/2(iQgp)4/3^ p3/5 < ^ < p2/3(iogp)-2/3^ 

[^p^/'^logp, t > ^^/^(logp)"^/^. 



max 

gcd(A,p)=l 



max \Sg.p{X,N) \ < < 

gcd(A,p)=l 
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We may combine Theorem [2] and Theorem [3] into a single result for particular 
values of t. For instance, when t has order j9^/^ we get 

Corollary 4. Suppose g e¥* has order t with p^/"^ <^ t <^ p^^"^ . Then 

{pl/8+o(l) jY71/96^ < 
p23/192+o{l) ^73/96^ ^1/4 < ^ < ^179/438^ 
p31/72+o(l)^ pl79/438 < < p^^^. 

3 Preliminary Results 

Given S C Fp we define 

^ + i3 = {a + 6 : aeA, h e B} 

and 

^ = {a6-i : a e ^, 6 e 6 7^ 0}. 
We follow the method of [Ij to generalise [H Lemma 2.8] 

Lemma 5. Suppose (7 G F* has multiplicative order t and let Li,L2,M be non- 
negative integers with 1 < M < t. Let 

X C[Li + l,Li + M] and y C [L2 + I, L2 + M] 

be two sets of integers of cardinalities 

i^X = MAi and i^y = MA2. 

Then for the sets 

A = {g'' : xeX} and B = {g^ : y e y} 

we have 

+ B)> min |m9/«+°(i) ti/«M^/«+°(i) A^^^A^ 

Proof. We follow the proof of [H Lemma 2.8] and begin by considering the sum 
{aiB n a2B) = i^{{ai,a2,bi,b2) E A X A X B X B : ai6i = a2&2}- 
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By pn Lemma 2.9] and the Cauchy-Schwarz inequality we get 

\- ^( «n 

2^ #(^igna,g)> 

hence there exists some fixed ^ A such that 

)^#(agnaog)> ■ 

Using an argument from [21 Theorem 1], for positive integer j < \og^B/ log 2 + 1, 
let be the set of all a G ^ such that 

2^-1 < # (ai3 n aoi3) < 2^ 

and set "Dj = otherwise. Then we have 

We choose jo so that Xlaefj ^'^ maximum for j = Jq and let 

N = 2^«-\ Ai = V,, C ^, (4) 

so that 

iV < # n ao-B) < 2N. (5) 

We have 

(log #S/ log 2 + 2--^ > E E 

and the inequality < M gives 

Since 1 < M < t, for any Xi, X2 G A" we have Xi ^ X2 (mod t) so that g^^ ^ (7^^ 
(mod p) , hence we get 

#^ = MAi, (7) 
#i5 = Af A2, (8) 

and 

#(^i3) = : xeX,yey}^M. (9) 
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Inserting (HD, ([8]), (jO]) into ([6]) and recalling that N < jj^B and < #^ gives 

iV#A»M2^, (10) 
logM 

#^1 » (11) 
log M 

Ar>M- — 1-. (12) 
log M ^ ^ 

By [H Lemma 2.6] we have 

#(a^+(agnaog))#(ao^+(agnaog)) ^ (#(^ + g))^ 
"""^ - #(ai3 n aoi3)) " #(ai3 n aoi3) ' 

so that for any a G ^i, by ([5]) 

#(a^±ao^)<^^^^^. (13) 

Using the same argument from the beginning of the proof, there exists Oq G Ai 
such that 

E#M.na;A)>^f^. (14) 

Let be the set of all a ^ Ai such that 

#((aK)An^,)>^^g;y. (15) 

Then we have 



since if the inequality f lT6|l were false, we would have 

^ #(a^i n a'o^i) = ^ #(a^i H Oq^i) + #(a^i H 



< 



#(AA)V2 2 J #(AA 
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which contradicts (|T^ . Let 

do = maxjordp (a/a-o) : a G A2} = ordp (o-o/'^o) 

for some ^ -^2- We spht the remaining proof into 2 cases: 
Case 1: 



Let 

C = {a'^/ao)Ai n Ai 

then we have 



SO there exists Ci, C2 EC and 03, 04 G Ai such that 

/ / / //N '^1 ~ '^2 , C — C 

Since if {ayaQ)y G for all y G then the distinct elements 

y,{aya'^y,...,{aya'^r''^^'^o/^o)-'y 

all belong to 3^3^) contradicting flTTl) . Using a similar argument, we may show 
that we have strict subset inclusion C C ^1 so that we may choose ai,a2 G Ai 
such that 

ai — 02 , C — C 
03 — 04 ^1 — Ai 
Hence by [3| Lemma 3.1] we have 

#((ai - a2)A + (as - a,) A) > # + ^^^^1 > 



and since Og G ^2, we have by f lTS 



CI3 — CI4 



#((ai-a2M+(a3-a4)^)> ^^-^'^^ 



In [H Lemma 2.7] we take A; = 4 and 

Bi = aiA, B2 = —a2A, Bs = a^A, B^ = —a^A, X = aoA, 
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which gives 

#{aiA — a^A + a^A — a^A) < 

^{uqA + aiA)4^{aoA — a2A)i^{aoA + 03^)7^(00-^ — a^A) 

(19) 

The inequahty # ((ai — a2)A + (03 — 04)^) < # (aiA — a2A + a^A — a^A) along 
with (II3]) and I^B) gives 

Inserting ([7]), (fTU]) and ffT^ into the above and using # (^1^1) ^ M we get 

{^{A + B)f > M9+°(i) A^A^. (20) 

Case 2: 

Then we have > ordp (aQ/ag) and writing Og = g^''^ and ag = , we have 



ordp(a;;/a[,) 



gcd(t, x'^ - x'o) 



and since 1 < |xq — Xq| < M we get ordp (ao/ag) ^ M/t. Combining this with 
the previous inequality gives M > t^^^. We may suppose A1A2 > M~^/^ since 
otherwise the bound is trivial, so that fllip and (1161) give 

#A » » M^/^ » ti/20_ (21) 

log M 

Since A2 C {^(^ : Lg + 1 < x < Lg + M}, we have 



aG»42 aeyl2 d\t Li+l<x<Li+M 

ordp {a/a'Q)<do d<do t\dx 



with r(t) counting the number of divisors of t. By fl2Tl) and the bound r(t) ^ 
^o(i) m Theorem 315] we obtain 1 ^ |y42|/'r(t) and hence 
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By assumption on do and (|T6|) we have 



Ai-AiJ T{t)M^ ' 

Taking G = Ai — Ai/ Ai — Ai m. ^ Lemma 3.3] we see that there exists A G 
{Ai - Ai)/{Ai - Ai) such that 

# + A^) > # (A + AA) > min <| , 



Hence there exist oi, 02, 03, 04 G Ai such that 

# ((ai - 02)^ + (as - ai)A) > 
or ^ 

# ((ai - a2)^ + {a, - a,) A) » ^^^^M^ 

r(t) 



For the first case, by (fT3l) and (|T9|) 

/ji ^ \2 / # (^0^ + cti^) # {a^A - a2A) # (ao^ + a^^A) # (ao^ - a^^A) 



< 



and by dlD, (do]) and ([12]) we get 

(#(^ + B)f > M9+°(i) A^A^ > M9+°(i) A^A^ (23) 
similarily for the second case, we get 

+ > -^M^+°«A^A« 

and recalling that M > t^^^ and r(t) <^ t"^^\ we may absorb the term l/r^t) into 
M"'-"^-', which gives 

(#(^ + > tM^+"(^) A?A^ (24) 
and the result follows combining (|20]), ([23]) and (|24]). □ 
Given A, B C ¥p, we write 

£+iA, B) = #{(ai, 02, 61, 62) eA^xB^:ai + bi = a2 + &2}. 
Then we have [T] Lemma 7.1] 
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Lemma 6. Let A,Bc ¥p, then 



<p{4^A)\m'£+{AA)£+{B,B) 



Lemma 7. Suppose (7 G F* has order t and let A <Z F* he the subgroup generated 
by g. Then for N <t we have 



max \Sg,p{X,N)\ < <^ 

gcd(A,p)=l Ip'^'H 



p'/^£+iA, Ay/^ hgt 

/^S+{A,Ay/Hogt. 



Proof. Let 



a{a,c) = y^et(an)ep(cgf") 



n=l 



then we have 

N ... 

5,,,(A,iV) = Y^epiXg-) = Y,Y.^t{-kj)Y,et{kn)ep{Xg' 



t N 



t-1 



n=l 



SO that 



\SoA\N)\<\Y. 

k=l 



k=l j=l 



N 



n=0 



max IcrfA;, A) I 



<^ log t max |o"(A;, A) I . 
fceFp 

By [HI Lemma 3.14] for any integers fc, A, with gcd(A,p) = 1, we have 

\<j{k,\)\<p''^t~^'^£+{A,Af'\ 

\a{k,\)\<p''''£+{A,Af'^ 
and the result follows combining these bounds with (125|1 . 

4 Proof of Theorem 1 

Let J((7, N) equal the number of solutions to the equation 



(25) 



□ 
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then we have 

J2\Sx{p;9,N)f<J2\Sx{p;9,N)\' = pJ{g,N). (26) 

AeF; AeFp 

Given A,B^¥p and Sq G A x B we write 

A+£,B= {a + b: {a,b) E Sq} 
so that by [H Lemma 2.4] there exists Sq G A x A such that 

and writing K = N'^/^^Sq gives 

/y4+o(l) 

Since < t we have #^ = iV so that #£o = O^Af/K. Hence by ^ Lemma 2.3] 
there exists Ai, A2 A and integer Q with 

» -. #A » ^^jj^. (28) 



such that 



(# {A+e,A))' » # Ml + ^2) (29) 



By (l28l) and Lemma [5] we have 

# f^i + Ao) > min I N^/»+°W— — fi/8j^7/8+o(i) ^ ^1 



^1/8^4+0(1) g;^2+3/4 ^ 

- ^2^^5+3/8 jYl+7/8+o(l) \^ ^2/8+0(1) _^ tl/8 7^1/8 ) f-^'^'' 

^1/8 jy3-7/8+o(1) / I 

> 



QK^9/S y jV2/8+o(l) _^ ^1/8 j^l/8 

and from (l29l) and (130|) we get 

7^36/24 //Ar2\^/2^ 
(# (^+.,^))-^ < ^^^TTTT^iT^ +11- (31) 

Combining (127|) with (13T]) gives 
and since K > 1 the result follows. 
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5 Proof of Theorem 2 

We follow the method of [6] and begin with considering 
so that for any integer K we have 



K N 



k=l 71=1 



< 2a,,p(ir). 



Taking A = {g^ : 1 < n < N}, B = {Xg"' : 1 < n < K} in Lemma [6], we have by 
Theorem [1] 



K N 



k=l n=l 



< 



pl/8jYl67/192+o(l) I ^ _^ 



2\ 1/192' 



^-25/192+o(l) [ ^ ^ 



2\ 1/192' 



and letting K = [A^/3J we get 



ap,giN) < ap,,(LiV/3j) + pi/8iv7i/96+o(i) i + 



t 



2 \ l/96> 



Repeating the above argument recursively, we end up with O(logA^) terms all 
bounded by 



pl/8^71/96 I 1 + ( ^ 



2\ 1/96' 



which gives 



max \S,JX,N)\ < p^^N'^^'+^W ( 1 + ' 
gcd(A,p)=l ' ^'^^ ' ^1 - ^ \ y f 



2\ 1/96' 



(32) 



Also, we have from Holder's inequality, 



K N 



fc=l n=l 



K 

k=l 



N 



n=l 



< 5^|5,,,(a,iV)r 
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so by Theorem [T] we get 

K N 



fc=l n=l 

and taking K = [A^/3j gives 



< pl/4^-l/4+o(l)jY71/96+o(l) I ;l + ( — 



]V2 \ l/96> 



cr. 



P,9 



(iV) < a,,,i[N/3\) + pV4^47/96+o(i) I 1 + ( 1^ 



jY2 \ V96> 



As before we end up with the bound 

max \S,A\ N)\ < pV4^4r/96+o(i) A _^ /^iV^^ '/''"j ^33) 

gcd(A,p)=i \ V ^ / y 

and the result follows combining f l5^ and fl5^ . 

6 Proof of Theorem 3 

Let ^ C F* be the subgroup generated hj g, so by [S", Theorem 34] we have 

^ ^^''/'(logp)^/^ if t<p3/^(logp)-6/^ 

+ ^ ' ^ \^V'/'(logp)^/^ if t > p3/5(logp)-6/5. ^ 

We consider first when t < p^/^. Combining Lemma [7] with ([31]) gives 

max |S'3,p(A,iV)| <pl/8t22/36(i^gp)7/6_ 
gcd(A,p)=l 

For p-*^/^ <t< p^/^(logp)"^/^ we have, 

max \Sg^p{X,N)\ < p^'H^'^'^^logpy'^ 

gcd(A,p)=l 

If p3/5(logp)-6/5 ^ ^ < p2/3QQgp)-2/3 

max |S'^,p(A,Ar)| < p^/H^'^{\ogpYl^ 

gcd(A,p)=l 

and for p^/^(logp)^^/^ < t, from [71 Lemma 2] 

max |S'p^p(A, A^)| < p"^''^ logp 

gcd(A,p)=l 

and the result follows combining the above bounds. 
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